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Abstract

Approximate nearest neighbor search under universal L, metrics
(ANNS-U-Ly) is an important and challenging research problem,
as it requires answering queries under all possible p (0.5 < p < 2)
values simultaneously without building an index for each possible
p value. The state-of-the-art solution, called MLSH, is a Locality-
Sensitive Hashing (LSH)-based ANNS method with barely accept-
able query performance. In contrast, graph-based ANNS methods,
which offer significantly improved query efficiency on the ANNS-
L, problem (with a fixed p-value), cannot be naively extended
to the ANNS-U-L;, problem. In this paper, we propose U-HNSW,
the first graph-based method for ANNS-U-L,,. Our scheme uses
HNSW graph indexes built on two base metrics (L1 and Ly) to
generate promising NN candidates, and then verifies these candi-
dates with an early-termination strategy. Experimental results
show that U-HNSW not only achieves up to 2670 times shorter
query time than the original MLSH implementation running on
a RAM disk, but also outperforms the original HNSW on the
ANNS-L,, problem, except for a few special p values.
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1 Introduction

Approximate nearest neighbor search (ANNS) is a fundamental
algorithmic problem arising in many areas of computer science,
such as large language models [8, 28], computer vision [16], and
information retrieval [20]. In these applications, data items in a
dataset D are represented by vectors in a high-dimensional (say
d-dimensional) space. Given a query point g, the goal of ANNS
is to find one or more points in O that are among the closest to
G according to a certain distance metric, such as Ly distance.

1.1 ANNS-U-L,: Application and Challenges

In this work, we attack a fundamentally different variant of the
ANNS problem. In this problem, we need to answer queries over
a dataset D that lies in a d-dimensional space. However, unlike
traditional ANNS formulations that assume a fixed distance met-
ric, each query in our problem specifies its own distance metric
parameter p. Specifically, the i-th query is a tuple (g, p;), where
gi is the query vector and p; determines the L, metric used to
measure distances. The objective is to find X € D that is closest
to g; under the Lp, distance. Because the value of p; can vary
from one query to the next, we refer to this problem as ANNS
under universal Lp metrics, or ANNS-U-L,, for short.

While the Ly metric is undoubtedly the most widely used and
influential distance measure in ANNS [9, 19, 22, 23], other L,
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metrics are also important, as they can often yield more insight-
ful and discriminative results in data mining, image retrieval,
and genomic data search [13, 17, 29]. Accordingly, the ANNS
problem under a general L, metric (ANNS-Ly) has been studied
extensively in the literature [7, 14]. However, an ANNS-L,, query
engine built for a fixed value of p is often inadequate for many
modern ML applications, where the most discriminative choice
of p can vary across datasets or tasks and must be tuned per appli-
cation [29]. For example, in K-NN classification, [29] shows that
the optimal p differs across datasets: p = 0.5 achieves the highest
accuracy on a physical signal dataset, p = 0.6 is optimal on an
image dataset, while p = 1.0 is optimal on a text dataset. Since
the best p cannot be known in advance and must be determined
empirically, an efficient query engine that supports arbitrary L,
metrics without rebuilding the index is essential. An efficient
query engine for ANNS under universal L, metrics (ANNS-U-L,)
would be ideal for such applications, as it enables adaptive explo-
ration of the dataset O under different L, metrics—allowing each
application to identify the most suitable, task-specific p value
dynamically.

The ANNS-U-L;, problem is particularly challenging because
it demands high query efficiency and accuracy across a contin-
uum of L, metrics. A straightforward approach is to construct,
for each possible p; value, a dedicated ANNS index (e.g., using
p-stable Locality-Sensitive Hashing [7]) to handle ANNS-L,,
queries. However, this naive solution is impractical, as it would
require building and maintaining a large number of separate
indexes for the full range of p values in [0.5, 2], even after dis-
cretization. For example, a coarse discretization of p at intervals
of 0.1 (as used in prior work [21, 29]) would require 16 separate
indexes.

1.2 Existing Solutions

LazyLSH [29] represents the first practical attempt to address the
ANNS-U-L,, problem without building multiple indexes. It is built
upon the p-stable LSH framework [7] and aims to reuse a single
index constructed for the L; metric (called the base metricin [29])
to answer queries under various L, metrics for 0.5 < p < 1. The
key insight is that two points X and g that are close under the
L1 metric are also not too far under the Lp metric, provided that
p is not too far from 1. However, as p deviates further from 1
(e.g., toward 0.5), this correlation between L;-closeness and Lj-
closeness diminishes, leading to a noticeable degradation in query
accuracy, as observed in [21].

Multi-Metric LSH (MLSH) [21], the state-of-the-art solution for
the ANNS-U-L,, problem, addresses this limitation by introducing
an additional LSH index for the L 5 metric “at the other end”
Specifically, given an ANNS-U-L,, query (g;, p;), MLSH selects
which index to use based on the value of p;: when p; is closer to
0.5 than to 1, it relies on the Ly 5 index instead of the L index
to find the nearest neighbors (NNs) of ¢;. However, the overall
query performance of MLSH remains constrained by the inherent
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inefficiency of the LSH framework, which is known to incur
relatively long query times in practice [19, 23].

1.3 Our Graph-based Solution to ANNS-U-L,

For ANNS-L,, with a fixed p, graph-based methods such as Hier-
archical Navigable Small World (HNSW) [23] have been shown
to deliver substantially better query efficiency than LSH-based
approaches. As a result, graph-based ANNS methods have be-
come one of the most widely adopted approaches in modern
industrial vector database systems [2, 4]. We are hence motivated
to explore whether a graph-based ANNS-L,, solution can be ex-
tended to handle the ANNS-U-L,, problem. However, a naive
approach—constructing a separate graph index for every pos-
sible p value—clearly fails to scale. Moreover, building even a
single high-quality graph index is computationally expensive
and time-consuming, as noted in [19]. These challenges likely
explain why, despite the appeal of graph-based methods, no prior
work has successfully extended them to support efficient ANNS
under universal L, metrics—until this work.

Another challenge posed by ANNS-U-L,, is that, even for the
much simpler ANNS-L,, problem (with a fixed p), directly apply-
ing HNSW is much less efficient (except for a few special p values)
than its well-known performance for ANNS-L;. This is because
the dominant cost in HNSW query processing arises from query-
to-data (Q2D) distance computations, and the algorithm needs
to evaluate Q2D distances for a large number of intermediate
points. When the target metric is a general Ly, each such Q2D
computation is substantially more expensive than under Ly (as
analyzed in Section 2.1), which can significantly increase the
query time.

To address the above challenges, we propose Universal HNSW
(U-HNSW)—the first graph-based method that extends the widely
adopted HNSW algorithm for solving the ANNS-U-L,, problem.
Unlike a naive approach that simply replaces the LSH indexes
in MLSH with HNSW graphs, U-HNSW is enabled by two key
observations: 1) L; or Ly distance is over an order of magnitude
faster to compute than general L, via SIMD as described in Sec-
tion 2.1; 2) Ly or Ly metric ordering is a highly effective filter for
Lp nearest neighbors, so a small candidate set of only t = 300
points already captures the true top-K L, NNs with recall close to
1 (for K = 50), as we detail in Section 3.1. Specifically, U-HNSW
maintains only two graph indexes: G1, an HNSW index built
under the L; metric, and Gy, an HNSW index built under the Ly
metric. During query processing, given a query (g, p), U-HNSW
first selects the base index—either G; or G;—whose underlying
metric is closer to the query metric L, (with a slight weighting
adjustment). It then searches for ANNs of g, in the selected base
metric (L; or Ly), using the selected graph (G or Gy). This step
is computationally efficient because Q2D distance computations
in the base metric (L1 or Ly) is relatively inexpensive (observa-
tion 1). Next, each candidate point returned from the base-metric
search—ordered by its base distance (e.g., L1)—is vetted by com-
puting its exact Q2D distance under the query metric L. This
step is also computationally efficient thanks to observation 2.
To further improve query efficiency, U-HNSW performs these
relatively expensive L, distance computations progressively and
terminates once the estimated recall is found to exceed the target
threshold as described in Section 3.1. As demonstrated in Sec-
tion 4, U-HNSW not only achieves a substantial performance
improvement over MLSH, but also significantly outperforms the
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original HNSW when applied to fixed-metric ANNS-L,, problems,
except for a few special p values (e.g., p = 0.5, 1.5).

In summary, this work makes three main contributions. First,
we present U-HNSW, the first cost-effective practical graph-based
solution to the ANNS-U-L,, problem. Second, we develop an adap-
tive candidate checking framework that reduces the number of
expensive L, distance computations, allowing U-HNSW to out-
perform its baseline HNSW even for fixed-metric ANNS-L,, tasks.
Third, through extensive experiments, we show that U-HNSW
not only achieves up to 2670 times shorter query times than the
original MLSH implementation running on a RAM disk (up to
15 times shorter than the idealized MLSH), but also outperforms
the original HNSW on the ANNS-L,, problem,except for a few
special p values.

2 Background and Related Work

In this section, we first define the problem of ANNS under univer-
sal L, metrics (ANNS-U-L,) and explain how the computational
cost of L, distance varies significantly with p, in Section 2.1. Fi-
nally, we describe HNSW, which serves as the baseline for our
U-HNSW scheme, in Section 2.2.

2.1 ANNS under Universal L, Metrics

Given a query tuple (g, p), the goal of ANNS-U-L,, is to retrieve
K points with a high recall value (say 90%) for the top-K nearest
neighbors of the query point § in D according to the L, metric,
namely, with at least a specified fraction of the returned points
belonging to the true top-K nearest neighbors, in as little query
time as possible. In the sequel, unless specifically mentioned,
we assume that the given p value ranges from 0.5 to 2, which
covers the commonly evaluated range of p values used in previous
ANNS-U-L,, works [21, 29]. We follow the convention adopted in
the ANNS literature [10, 11, 14, 19, 21, 23, 29] of focusingon p < 2,
since L, metrics with p > 2 are rarely used in practical ANNS
applications. When the dimension d is not small, the computation
time of this L, distance can vary significantly for different values
of p, as follows.

e p = 1 or 2 (fastest). The computation of the Ly or L
metric involves only basic arithmetic operations (add, sub-
tract, multiply), which can be performed in a computa-
tionally efficient manner using SIMD instructions such as
_mm512_sub_ps and _mm512_add_ps. As shown in [25],
the L or Ly metric is the fastest to compute across differ-
ent dimensionalities.

e p = 0.5 or 1.5 (quite fast). In addition to basic arith-

metic operations, the computation of the Ly 5 or L; 5 met-

ric involves the square root operation, which can also
be computed efficiently with SIMD instructions such as

_mm512_sqrt_ps. As shown in [25], the computation of

the Ly 5 or L1 5 metric is slightly slower than that of the

Ly or Ly metric across different d values.

Other p values (slow). For L, metrics with other p values,

power operations are needed in their computations, which

are not SIMD-friendly and are much more expensive com-
putationally than the aforementioned basic and square
root operations. Since all such p values require power op-
erations, their computation times are nearly identical to

each other. As a result, computation time of a general L,

metric is more than an order of magnitude slower than

that of the L; or Ly metric as shown in [25].
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Figure 1: Average computation times (in microseconds) of
each L, distance instance on our workstation described in
Section 4.1 (both axes in log scale). L; and Ly metric com-
putations are faster than general L, metric computation
by more than one order of magnitude.

2.2 Hierarchical Navigable Small World
Graph

Hierarchical Navigable Small World (HNSW) graph [23] is an
efficient and widely recognized graph-based solution to ANNS-L,,
for a fixed p value (0.5 < p < 2). HNSW organizes the dataset into
amulti-layer proximity graph, where each node represents a data
point. The graph is built incrementally by inserting data points
one by one: each new point is connected to its M closest neighbors
in the graph (where M is a key construction parameter), and the
quality of these connections is controlled by efConstruction,
the size of the dynamic candidate list maintained during insertion.
Larger M and efConstruction yield higher-quality graphs at
the cost of longer construction time. If two nodes are close to
each other in the Lp metric, there is an edge connecting them
in the proximity graph. Given a query point g, HNSW uses the
following greedy search strategy to find the top-K NNs: starting
from a pre-defined entry point, HNSW traverses the proximity
graph along these edges. When reaching a previously unvisited
node 7, HNSW adds 7 to the NN candidate set C, if ¥ has a
smaller Q2D distance than the farthest point in C. The size of
C is controlled by efSearch, the key parameter of HNSW that
governs the trade-off between recall and query time: a larger
efSearch enlarges C, leading to higher recall but at the cost of
more Q2D distance computations and hence longer query time.
The top-K NNs are then returned as the K points in C with the
smallest Q2D L, distances to g.

Now we explain why conventional HNSW must build a sepa-
rate graph index for every possible p-value (L, metric) in order to
answer ANNS-U-L;, queries. As just explained, the HNSW index
is constructed by connecting data points (by proximity edges)
based on their closeness (proximity) under a given L, metric. Let
p1 and po be two distinct p values that are not very close to each
other. Then the set of proximity edges in the graph index built
for the Ly, metric can differ significantly from that in the graph
index built for the Ly, metric. Since the “soul” of a graph index
is these proximity edges, using the index built for L, to search
for NNs under Ly, cannot guarantee high query accuracy. For
this reason, HNSW and other graph-based methods [9, 22, 23]
all specify a single target distance metric (usually the Ly metric)
and evaluate performance only under that metric.
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2.3 Product Quantization ANNS Methods

Besides LSH-based and graph-based methods, product quanti-
zation (PQ) based methods [10, 11, 15] are another widely used
family of ANNS methods. These methods quantize (cluster) all
data points in D to a small set of designated points (centroids)
and the search is performed over only those points in D that
are quantized to the same centroid (and nearby centroids) as the
query point is. Most of the PQ-based solutions focus exclusively
on the ANNS-Ly problem. It is not clear how to extend them for
solving ANNS-U-L,,. For example, RaBitQ [10] does not work
for any ANNS-L,, with p # 2, since its conversion of L, to inner
product distance does not work for other L. A few other PQ
methods such as Optimized Product Quantization (OPQ) [11]
could in principle be adapted for ANNS-L,,. However, like graph-
based methods, the set of centroids in a PQ index built for Ly,
can differ significantly from that built for L,,, when p; and p,
are not close to each other. Hence, to answer ANNS-U-L,, queries,
OPQ would require building a separate index for each possible p
value—like that described in Section 1.1. For these reasons, we
do not compare with PQ-based methods in our evaluation.

3 Scheme Description

In this section, we present our novel solution U-HNSW for the
ANNS-U-L, problem. We first describe the overall procedure of
the algorithm, including candidate generation and verification in
Section 3.1. Then, we explain the rationale behind using graph
indexes on the L; and Ly metrics to generate the candidate set
for universal L, metrics and analyze how to set parameters to
minimize the number of expensive L, distance computations in
Section 3.2. In this section, we focus on the general case where
p € {1,2}; when p = 1 (or p = 2), the query reduces to standard
ANNS under the L; (or Ly) metric, and we can directly search the
corresponding graph index G; (or Gg) for K-NNss.

3.1 Algorithm Description

As mentioned earlier, U-HNSW extends HNSW for ANNS-U-Lp.
To this end, U-HNSW builds and uses two HNSW indexes, namely
G; for the L; metric and G for the Ly metric. Algorithm 1 shows
how U-HNSW processes an ANNS-U-L,, query (g, p), to arrive at
the K NN of § under the Ly, metric. It consists of the following
two steps.

Candidate generation. U-HNSW first selects a graph index ac-
cording to the p value specified in the query as follows. If p < 1.4,
the graph index Gj is selected; otherwise, the graph index G is
used. We use 1.4 as the default cutoff value, which approximately
equals the crossover point as shown in Figure 2. The performance
is not sensitive to small perturbations around this value. Then,
U-HNSW runs the standard KnnSearch procedure in HNSW to
return a candidate set C containing the t-NNs (¢ > K), sorted in
the ascending order of their Q2D distances (as specified in the
HNSW code manual [1]), under the corresponding base metric
(Line 3 and Line 5). When ¢ is reasonably large, C empirically
contains most of the true top-K NNs of g in L, distance (so a high
recall can potentially be achieved); we will explain how to set the
parameter ¢ in Section 3.2. This extends the aforementioned ob-
servation of LazyLSH (described in Section 1.2) to a wider range
of p values. This extension is justified by the well-known norm
equivalence in finite dimensions [18].

Candidate verification. The candidate set C contains ¢ (¢t > K)
points sorted by Ly or L, distance, not by the target L, distance.
Although C contains most of the true top-K NN (in L, distance),
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Input: Query tuple (g, p); integer K
Output: Top-K NN of § under L,
1 Parameters: ¢ (candidate set size, default 300 for K = 50);
7 (early-termination threshold, default 0.92);
k (batch size, default K)
2 if p < 1.4 then
3 ‘ C « Gi.KnnSearch(g, t)
4 else
5 L C « Gz.KnnSearch(q, t)
6 R « first K points of C
7 foreach batch of k points R’ of C do
8 Rpew < top-K points by L, Q2D distance in R U R’
9 if |Rpew NR|/K > 7 then return Rye,y;

10 R «— Ryew

Algorithm 1: U-HNSW Query for ANNS-U-L,,

——@— G (base metric L; ) == G (base metric L)
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Figure 2: Recall under the target L, metric when the can-
didate set is the true top-t NNs on GIST and SIFT datasets
in Table 1. We set t = 300 as described in Section 3.2.
The crossover point appears around 1.4, motivating our
default cutoff 1.4.

simply returning the first K points of C (ranked by their base-
metric Q2D distances) may not result in a high recall. Therefore,
we re-rank (verify) points in C by their L, Q2D distances, as
follows. First, we pop the first K points from the candidate set
C, and initialize them as (a set) R. Then, we iteratively pop a
batch of x (x > 1) points from C (denoted as R’), and find the K
points (denoted as Rpeqy) with the smallest L, Q2D distances in
the union R U R’. The iteration stops once the intersection ratio
|R N Rpew|/K is above a pre-defined threshold 7, indicating that
the result will not significantly improve with further iterations.
This early-termination strategy ensures that as few expensive L,
distance computations as needed (to achieve the desired recall)
are performed.

The early-termination parameter 7 can be viewed as an estima-
tor of the recall for the query g. To make this estimator accurate,
the batch size k must be sufficiently large so that the intersection
cardinality |Rpew N R| reflects how many candidates in Rpey are
likely to be among the true top-K NNs of g. If k is too small,
U-HNSW may terminate prematurely before examining all po-
tential true top-K NNs. We find that setting x to K empirically
achieves a good trade-off between query accuracy and query
speed.

3.2 Parameter Tuning

In this subsection, we describe how to tune the parameters in
U-HNSW to achieve a short query time while maintaining a good
query accuracy (measured by the recall). As mentioned earlier,
in U-HNSW, the total query time Tqyery consists of two parts: the
time for candidate generation (N Tp) and the time for candidate
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verification (Np Tp). That is,

Tquery = N, Tp + Np Tp, (1)

where Nj, and N, denote the number of Q2D distance computa-
tions under the base metric and under the Lp metric, respectively;
and Tj and T, are the average time per Q2D distance computation
under the base metric and under the L, metric, respectively.

In U-HNSW, we primarily tune two parameters: ¢ and 7. As
we will elaborate next, t determines the number of base-metric
distance computations Nj, in Equation 1, and 7 determines the
number of L, distance computations N, in Equation 1. We now
explain how to set these parameters ¢t and 7.

As described in Section 3.1, given K, the number of NNs desired
by the query, we make ¢ sufficiently large to achieve a target recall
value of r = 0.9 (used throughout Section 4). For K = 50 (used
throughout Section 4), we have found, through the following
idealized recall experiment, that ¢ = 300 is large enough to meet
this target recall for all datasets. Figure 3(a) reports the idealized
recall obtained when using the true top-t NNs under the base
metric (L) as the candidate set. We evaluate the most demanding
setting (p = 0.5) with K = 50 on both the SIFT and GIST datasets
in Table 1. These two datasets are chosen as representatives
because they span a wide range of dimensionalities (128 and 960,
respectively), and the parameter tuning results on other datasets
are similar. As t increases, the idealized recall quickly approaches
saturation, so much so that ¢ = 300 already achieves an idealized
recall close to 1. In this case, the true potential recall (if the Q2D
distances of all ¢ points in C were “painstakingly” computed)
exceeds 0.94, which leaves a “wiggle room" of 0.04 for achieving
the actual target recall of 0.9.

Using t = 300, which may be larger than necessary on some
datasets, only incurs a small additional overhead in the total
query time, for the following reason. Nj, grows sub-linearly with
t when t is within a few hundreds [23], and T, is more than an
order of magnitude smaller than T, (as explained in Section 2.1).
As a result, the term N}, Tj, remains small in Equation 1 even if ¢
is larger than necessary.

The threshold parameter 7 controls the early-stopping crite-
rion in U-HNSW’s candidate verification step. As mentioned in
Section 3.1, 7 can be viewed as an estimate of the query recall
value. Given a target recall r (e.g., r = 0.9 in Section 4), we set
7 = 0.92 to leave a small safety margin (a part of the “wiggle
room" above) in the most demanding case, to allow for the re-
call loss caused by the early-termination strategy. As shown in
Figure 3(b), setting 7 = 0.92 consistently meets the target recall
0.9 on both datasets. If a higher recall value is required, we can
increase 7 accordingly, which allows U-HNSW to meet the new
target recall while keeping N, small, so that the term N,T,, re-
mains small in Equation 1. Similar to the analysis of ¢, we provide
empirical evidence from two real-world datasets GIST and SIFT in
Figure 3(b). Figure 3(b) clearly shows that setting 7 = 0.92 (target
0.9 plus a small margin) consistently meets the target recall (0.9)
on both datasets while avoiding unnecessary L, computations.

4 Evaluation

In this section, we conduct an extensive study using six widely
used publicly available datasets of diverse dimensions, sizes (num-
ber of points) and types. We first evaluate the query performance
of U-HNSW and compare it with MLSH’s on the ANNS-U-L,,
problem in Section 4.2. Then we evaluate the query performance
of U-HNSW on ANNS-L,, (with fixed p) and compare it with that
of HNSW. Our results show conclusively that U-HNSW not only
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Figure 3: Empirical evidence for tuning ¢ and 7 on GIST
and SIFT datasets in Table 1. We use p = 0.5, which rep-
resents the most demanding setting due to its large mis-
match to the base metric (L;).

outperforms the state-of-the-art ANNS-U-L,, solution MLSH by a
factor of up to 15.0 in terms of query efficiency, but also is much
faster than its baseline HNSW on ANNS-L,,, except for a few
special p values.

4.1 Evaluation Settings

4.1.1  Evaluation Datasets. We use six widely used publicly avail-
able datasets of diverse dimensions, sizes (number of points),
and types. The SIFT dataset contains 2 million points sampled
uniformly at random from the 1 billion points contained in
SIFT1B [6]. We cannot use SIFT1B instead because construct-
ing the HNSW graph index for it would not fit into the 128 GB
main memory of our workstation. For each of the six datasets,
Table 1 shows its size n and its dimension d. For each of the
six datasets, the query set contains 1,000 points sampled uni-
formly at random from the set of query points associated with
the corresponding dataset.

Table 1: Evaluation datasets summary.

Dataset | Sun [27] | Trevi [26] | GIST [6] | Deep [19] | GloVe [24] | SIFT [6]
n 78K 99K M 1M 1.2M 2M
d 512 4,096 960 256 100 128

4.1.2  Performance Metrics. We evaluate the performance of U-
HNSW, HNSW and MLSH in three aspects: index scalability,
query efficiency, and query accuracy. To measure index scalability,
we use index size (excluding the size of the original dataset D). To
measure query efficiency, we use query time. To measure query
accuracy, we use recall, which is defined as follows. Denote by S*
the set of true top-K NNs under the L, metric and by S the set of
K approximate NNs in the result. The top-K query recall is equal
to |S* N S|/K. Throughout our evaluation, unless otherwise
stated, we use K = 50; using any other value of K ranging from
10 to 100 (commonly used in the ANNS literature [14, 21-23])
results in similar query performance. Each query time or recall
value presented in this section is the average over all queries.

4.1.3 Implementation Details. We implement U-HNSW in C++
based on the widely used open-source HNSW implementation
called HNSWIib [1]. For MLSH, we use the C++ source code
provided by its authors. We optimize the Ly, Ly, Lo5 and L1 5
distance computations using the SIMD instructions described
in Section 2.1 and general L, distance computations using the
optimized implementation in NMSLIB [3] (a popular ANNS li-
brary used in Amazon Elasticsearch service). We compile all C++
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source code using g++ 13.3 with -O3. All experiments are done on
a workstation running Ubuntu 22.04 with an Intel Core i7—9800X
CPU @ 3.80 GHz and 128 GB RAM.

4.1.4 Benchmark Algorithms. In our evaluation, we compare U-
HNSW against the original HNSW and MLSH. We do not compare
against LazyLSH since MLSH outperforms LazyLSH as shown
in [21]. The settings of benchmark algorithms are described as
follows:

U-HNSW. For U-HNSW, we first describe the parameter set-
tings of the G1 and G, graph indexes. For these two graph indexes,
we set their parameters so that they can achieve a very high re-
call when searching for nearest neighbors under the base metric.
Specifically, we use M = 32 and efConstruction = 500 for both G;
and Gy. As explained in Section 2.2, efSearch is the key HNSW
parameter that trades off recall against query time, and we tune
it per dataset (ranging from 400 to 2,000). For U-HNSW, we de-
liberately use a relatively large efSearch so that the candidate
generation step already attains the very high potential recall as
described in the third paragraph of Section 3.2. Then we set the
parameter 7 = 0.92 which is slightly higher than the target recall
value 0.9 as described in Section 3.2. Such a setting ensures that
most queries achieve a recall value larger than 0.9. As for the
parameter ¢, we set it to 300 according to the parameter tuning
strategy described in Section 3.2.

HNSW. We compare U-HNSW with the original HNSW on the
ANNS-L,, problem with a fixed p value. For p = 1 and p = 2, the
“original HNSW” baseline directly reuses Gy and Gy, respectively.
For other p values, we build a separate HNSW graph index under
the corresponding L, metric using M = 32 and efConstruction =
200. The parameter efSearch is tuned per dataset (ranging from
200 to 1,600) so that the original HNSW achieves an average recall
comparable to that of U-HNSW (above 0.9) across all p values,
ensuring a fair comparison of query times between HNSW and
U-HNSW at similar recall levels.

MLSH. We use the parameter settings and the original imple-
mentation of MLSH provided by its authors. For our in-memory
evaluation (with the MLSH index stored on a RAM disk), the
measured query time of MLSH is extremely high: For example,
on the Sun and GloVe datasets, the original MLSH implemen-
tation takes approximately 4.67 seconds and 5.35 seconds per
query, respectively, making U-HNSW 2670 and 890 times faster
on these two datasets, respectively. However, one may argue that
directly comparing against the original MLSH implementation
could be unfair for the following two reasons. First, the Ly dis-
tance computations in MLSH are not optimized using the SIMD
instructions described in Section 2.1 and the L, metric optimiza-
tion in NMSLIB described in Section 4.1.3, which makes each
Q2D L, computation in MLSH substantially slower than that in
U-HNSW. Second, MLSH is built upon QALSH (Query Aware
LSH [14]), which is designed for external-memory operations
and thus aims to minimize the number of sequential I/Os. As an
inherent trade-off, its CPU computation time, other than that
for distance computations, can be extremely large, as observed
in [12].

To make the comparison implementation-agnostic and ex-
tremely favorable to MLSH, we report, for MLSH, the idealized
query time that accounts only for query-to-data (Q2D) L, dis-
tance computations, calculated as Np Ty, where Np is the number
of Q2D L, distance computations performed by MLSH query
processing (as reported by the MLSH program), and T, is the
same average per Q2D distance computation time as achieved
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in U-HNSW (using SIMD-optimized L, implementation). This
idealized estimate accounts only for the Q2D L, distance compu-
tations in MLSH and excludes all other expensive CPU computa-
tions. As we will elaborate next, even using such an extremely
favorable idealized estimate for MLSH, U-HNSW still achieves
significantly shorter query times while maintaining comparable
or better recall.

4.2 Comparison against MLSH

In this subsection, we compare U-HNSW against MLSH, the state-
of-the-art solution to the ANNS-U-L,, problem. Since MLSH can
solve this problem only for p < 1, we restrict p to values between
0.5 and 1. Accordingly, we report only the size of G; (the graph
index built on the L; metric) as the index size of U-HNSW, because
the graph index Gg is not used (since p < 1) in this experiment.
Following [21], the p value in the query tuple (g, p) is uniformly
randomly selected from the following set: {0.5,0.6, 0.7, 0.8, 0.9}.

Table 2 clearly shows that U-HNSW significantly outperforms
the idealized MLSH, achieving up to 15.0 times shorter query
times while providing higher recall and requiring smaller index
sizes across all six datasets. Specifically, U-HNSW achieves be-
tween 4.4 and 15.0 times shorter query times than the idealized
MLSH on all datasets.

Table 2: Evaluation results of query times (in millisec-
onds), recall and index sizes (in megabytes). Numbers in
boldface are the best in each group.

Dataset Recall Query Time (ms) Index Size (MB)

U-HNSW MLSH U-HNSW MLSH U-HNSW MLSH
Sun 0.969 0.942 1.75 13.75 21.3 119.5
Trevi 0.976 0.951 8.72 131.22 26.0 151.2
GIST 0.939 0.917 9.58 66.83 260.2 1525.9
Deep 0.951 0.943 6.34 29.39 260.2 1525.9
GloVe 0.926 0.921 6.01 26.48 3094 18184
SIFT 0.953 0.942 1.71 9.12 985.0 3051.8

4.3 Comparison with the Original HNSW

In this subsection, we compare U-HNSW’s query performance
with the original HNSW on ANNS-L,, with a fixed p value. The
goal of this subsection is to demonstrate that our U-HNSW can
achieve better query performance than the original HNSW even
on the ANNS-L,, problem, except for a few special p values. As for
the index size, U-HNSW’s index size is twice that of the original
HNSW because U-HNSW uses two HNSW graph indexes (G; and
G2). The evaluated p values are 0.5,0.6,0.7, - - - , 2.0. We report
the average query performance of all query points for each p
value.

Figure 4 shows the query times of U-HNSW versus those of the
original HNSW for different p values when both schemes achieve
similar recall values higher than 0.9. As shown in Figure 4, query
times of U-HNSW are 3.3 to 8.5 times shorter than those of the
original HNSW on all datasets across a wide range of p values,
except for p = 0.5 and 1.5. At these two values, the query times
of HNSW are 1.1 to 2.1 times shorter than those of U-HNSW on
all datasets except GloVe, where their query performances are
comparable. This is because for p = 0.5 and 1.5, the Ly 5 and Ly 5
distances can be efficiently computed using SIMD instructions as
described in Section 2.1, making their computation cost close to
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Figure 4: The query times (in milliseconds) of U-HNSW
versus HNSW with different p values across all datasets.
Both methods achieve similar recall value and thus omit-
ted. U-HNSW is faster than HNSW on ANNS-L, with a
fixed p value, except for p = 0.5 or 1.5.

that of the base metric (L or Ly). In such a case, on the one hand,
the main advantage of U-HNSW, which is to significantly reduce
the number of (presumably expensive) L, distance computations,
becomes blunted. On the other hand, U-HNSW still has to per-
form additional base-metric distance computations during the
candidate generation step as described in Section 3.2. As a result,
the overall query time of U-HNSW becomes longer than that of
HNSW under these special p values. For general L, metrics that
do not benefit from the SIMD instructions, however, U-HNSW
consistently delivers faster query performance than the original
HNSW for ANNS-L,, queries.

5 Conclusion

In this paper, we propose U-HNSW, the first graph-based solu-
tion for approximate nearest neighbor search under universal L,
metrics. U-HNSW leverages two base graph indexes built on two
base metrics (L1 and Ly) to generate high-recall candidates and
then verifies these candidates with an early-termination strategy
that substantially reduces the number of expensive L, distance
computations. Experiments on multiple real-world datasets show
that U-HNSW not only achieves up to 2670 times shorter query
times than the original MLSH implementation running on a RAM
disk (up to 15 times shorter than the idealized MLSH), but also
outperforms the original HNSW on the ANNS-L,, problem (with
a fixed p value), except for a few special p values.
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